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We investigate the chiral phase structure of quark matter with spheroidal momentum-space
anisotropy specified by one anisotropy parameter ξ in the 2+1 flavor quark-meson model. We find
the chiral phase diagram and the location of the critical endpoint (CEP) are affected significantly
by the value of ξ. With the increase of ξ, the CEP is shifted to smaller temperatures and larger
quark chemical potentials. And the temperature coordinate of the CEP are more sensitive to the
anisotropy parameter than the one associated quark chemical potential coordinate, which is opposite
to the study for finite system volume effect. Furthermore, the effect of momentum anisotropy on the
thermodynamics properties and scalar (pseudoscalar) meson masses also are studied at vanishing
quark chemical potential. Associated primary results show that an increase of ξ can hinder the
restoration of chiral symmetry. We also find shear viscosity and electrical conductivity decreases
as ξ grows. However, bulk viscosity exhibits a significant non-trivial behavior with ξ in entire
temperature domain of interest.
I. INTRODUCTION
The fundamental theory for describing the strong
interaction is quantum chromodynamics (QCD).
Investigating the QCD phase structure of the strongly
interacting matter is an important subject of great
interest in recent decades. The first-principle results
from lattice QCD simulation [1, 2] have indicated that
with increasing temperature, the transition from the
ordinary nuclear matter to the chiral symmetric quark-
gluon plasma (QGP) is a smooth crossover at small or
zero chemical potential. At large chemical potential,
lattice QCD simulation as a reliable tool is hard to
deeply study the chiral properties of the strongly matter
due to the fermion sign problem [3], although different
strategies (for reviews see, e.g., Refs. [4–6]), such as
Taylor series expansions [7–9], imaginary chemical
potential, reweighting techniques [10, 11], complex
Langevin method [12, 13], have been developed to try
to solve this problem. In this context, some alternative
theoretical tools, such as QCD low energy effective
models (e.g, the Nambu-Jona-Lasinio model [14–16],
Polyakov-loop extended NJL (PNJL) model [17–
19], Quark Meson model or linera sigma model [20–24],
Polyakov QM model [25–28]), Dyson-Schwinger equation
approach [29, 30], the functional renormalization group
approach [31–34], which are not restricted by chemical
potential, have been proposed to better explore the
QCD phase structure at high chemical potential. And
the results from the effective model calculations [35, 36]
show that the chiral phase transition of the strongly
interacting matter is a first-order at high density, and a
second-order critical endpoint (CEP) can exist between
the crossover line and the first-order phase transtion
line in the (µ-T )-plane. In addtion to phase transtion,
other important informations, such as thermodynamics
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properties, the in-medium properties of mesons[36, 37],
transport properties [38–40], for the strongly interacting
matter also are extensively studied in these QCD
effective models.
Due to the intricacy of the realistic QGP, the QCD
effective models have been done some improvements
by taking into the finite volume of the system [42–
57], the non-extensive effects to consider long-distance
correlation [58, 59], the presence of magnetic fields [60–
69], and the effect of electric field [71–75], to explore the
chiral/confinement properties of the strongly intercing
matter at finite temperature or quark chemical potential.
Conventionally, in the literature, all the effective
models or improved effective model describing the quark
matter, are based on an ideal assumption that the
consitutents of quark matter are completely isotropic
in momentum-space for the absence of a megnetic
field. However, due to the geometry of fireball created
in the ultrarelativistic (off-central) heavy-ion collisions
(HICs) is asymmetric, the system evolves with different
pressure gradients produced in different directions. As a
result, the expanding and cooling rate along the beam
direction (denote as longitudinal direction) is larger
than radial directions [76] and the local rest frame
parton-level momentum distribution functions become
anisotropic. And this momentum anisotropy can survive
in all the stages of the HICs, hence it’s essential to
consider the momentum-space anisotropy induced by
rapid longitudinal expansion into the phenomenological
investigation of different quantities. Up date, extensive
works have been addressed to explore the effect
momentum anisotropy of on observables which are
sensitive to the of QGP evolution, such as the parton
self-energy [76–79], photon and dilepton production [80–
83], the dissociation of quarkonium [84–86], heavy-quark
potential [87, 88], various transport coefficients [89–
92], jet quenching parameter[93]. And associated
results show that the observables in a momentum-space
anisotropic QGP depend significantly on their direction
of propagation. However, as far as we know, there is
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2no study of momentum anisotropy in the framework
of effective QCD models and no research regarding the
effects of momentum-space anisotropy on chiral phase
transtion. Inspired by this fact, one major goal of present
work is to reveal how the momentum anisotropy affects
the chiral phase structure as well as transport properties
in the strongly interacting matter.
The present paper is a first attempt to study the
effect of the momentum-space anisotropy due to the
rapid longitudinal expansion of fireball created in HICs
on the QCD chiral phase transtion. We adopt the
2+1 flavor quark-meson model which is successful
in describing the mechanism of spontaneous chiral
symmetry breaking to approximate quark matter. The
effect of momemtum anisotropy enters in the QM model
by substituting the isotropic distribution function in the
total thermodynamical potential with the anisotropic
one. Based on this momentum anisotropy-dependent QM
model, we first explore how the momentum anisotropy
affects the chiral phase diagram and the location of CEP.
Next, we invetigate the thermodynamics properties and
the thermal properties of various scalar (pseudoscalar)
meson masses for vanishing chemical potential in both
isotropic and anistropic quark matter. Finally, transport
coefficient, such as shear viscosity, electrical conductivity,
and bulk viscosity, which are crucial to understand
the dynamical evolution of QCD matter, also are
estimated in both isotropic and anisotropic quark
matter. Note that the general expressions of transport
coefficients from solving the Boltzmann equation under
the relaxation time approximation need to be modified
in the anisotropic system [89–92].
This paper is organized as follows. In section. II, we
give a brief overview of the three-flavor QM model. In
section. III, the modification of thermodynamical
potential within momentum-space anisotropy is
presented. In section. IV, we discuss the chiral
phase transtion, thermodynamics properties, meson
masses, and transport coefficients in both isotropic and
anisotropic quark matter. In section.V, we summarise
the main results and give a possible oulook.
II. THE QM MODEL
The quark-meson model as a succussful QCD-like
effective model can capture an important feature of QCD,
namely, chiral symmetry breaking and its restoration at
high temperature/density. Accordingly, the Lagrangian
of the three-flavor QM model is given by [23]
LQM = Ψ¯(iγµDµ − gφ5)Ψ + LM, (1)
where Ψ stands for the quark field with Nf = 3 flavors
(u, d, s) and Nc = 3 color degrees of freedom. The first
term in Eq. (1) represents the interaction between quark
field and the scalar (σ) and pseudoscalar (pi) fields with
a flavor-blind Yukawa coupling g of the quarks to the
TABLE I. Parameter set used in our work.
m2[MeV2] hx[MeV
3] hy[MeV
3] λ1 λ2 c[MeV]
(342.252)2 (120.73)3 (336.41)3 1.4 46.68 4807.84
mesons. The meson matrix is given as
φ5 = Ta(σa + iγ5pia), (2)
where Ta = λa/2 with a = 0, . . . , 8 are the nine
generators of the U(3) symmetry. λa are Gell-Mann
matrices with λ0 =
√
2
31. σa and pia denote the
scalar meson nonet and the pseudoscalar meson nonet,
respectively.
The second term in Eq. (1) is the purely mesonic
contriburion, LM, describing the chiral symmetry
breaking parttern in strong interaction, which is given
by [23]
Lm = Tr(∂µφ†∂µφ−m2φ†φ)− λ1[Tr(φ†φ)]2
−λ2Tr(φ†φ)2 + c[Det(φ) + Det(φ†)]
+Tr[H(φ+ φ†)], (3)
with φ = Taφa = Ta(σa + ipia) representing a complex
(3 × 3)-matrix. Explict chiral symmetry-breaking is
shown in the last term of Eq. (3), where H = Taha is
a (3 × 3)-matrix with nine external fields ha. Explict
U(1)A symmetry is given by ’t Hooft determinant term
with the anomaly term c. m2 is the tree-level mass of
the fields in the absence of symmetry breaking, λ1 and
λ2 are the two possible quartic coupling constants.
Under the mean-field approximation [36], the total
thermodynamic potential density of the QM model at
finite temperature T and quark chemical potential µf is
given by
Ω(T, µf ) = Ωqq¯(T, µf ) + U(σx, σy). (4)
The first term Ωqq¯ denotes the fermionic part of the
thermodynamic potential [36]
Ωqq¯(T, µf ) = 2Nc
∑
f=u,d,s
T
∫
d3p
(2pi)3
[ln(1− f0q,f (T, µf ,p))
+ ln(1− f0q¯,f (T, µf ,p))], (5)
with the isotropic equilibrium distribution function of
(antiquarks) quarks for f -flavor
f0q(q¯),f (T, µf ,p) =
1
exp[Ef ∓ µf/T ] + 1 . (6)
Ef =
√
p2 +m2f is the single-particle energy with flavor-
dependent constituent quark mass mf . The sign ∓
corresponds to quarks and antiquarks, respectively. In
present work, a uniform quark chemical potential µ ≡
3µu ≡ µd ≡ µs is assumed. And the breaking of the SU(2)
isospin symmetry is not considered, consenquently, the
up and down quarkd have approximately the same
masses, mu ≈ md. In the QM model, the constituent
quark masses are given as
ml = gσx/2 and ms = gσy/
√
2, (7)
where l denotes light quarks (l ≡ u, d). σx and σy stands
for the non-strange and strange chiral condensates,
respectively. The Yukawa coupling g is fixed to reproduce
a light constituent quark mass of ml ≈ 300 MeV. The
second term U(σx, σy), the purely mesonic potential, is
given as [20, 23, 28]
U = −hxσx − hyσy +
m2(σ2x + σ
2
y)
2
− cσ
2
xσy
2
√
2
+
λ1σ
2
xσ
2
y
2
+
(2λ1 + λ2)σ
4
x
8
+
(λ1 + λ2)σ
4
y
4
,
(8)
where the model parameters: m2, hx, hy, λ1, λ2 and c
as reported in Ref. [36], is shown in Table I. Finally, the
behavior of σx and σy as a function of temperature and
quark chemical potential can be obtained by minimizing
the total thermodynamic potential density, i.e.,
∂Ω
∂σx
=
∂Ω
∂σy
∣∣∣∣
σx=σ¯x,σy=σ¯y
= 0, (9)
with σx = σ¯x, σy = σ¯y being the global minimum.
III. THERMODYNAMIC POTENTIAL WITH
MOMENTUM ANISOTROPY
Due to the rapid longitudinal expansion of the partonic
matter created in the HICs, an anisotropic deformation
of the argument of the isotropic (equilibrium) parton
distribution functions is generally used to consider the
momentum anisotropy of the QGP [76–92]. A special
and widely used spherical momentum deformation
introduced by Romatschke and Strickland [76] is applied
in this paper, and is characterized by removing and
adding particles along a single momentum anisotropy
direction. Accordingly, the distribution function of f -th
flavor (antiquarks) quarks in an anisotropic system can
be ontained from the isotropic distribution function by
the rescaling of only one direction in momentum space,
which is given as
f0aniso(T, µf ,p) =
1
e(
√
p2+ξ(p·n)2+m2f∓µf )/T + 1
, (10)
where the anisotropy parameter ξ which measures the
strength of momentum-space anisotropy, generically can
be defined as
ξ =
〈
p2T
〉
2〈p2L〉
− 1, (11)
where pL and pT are the components of
momentum parallel and perpendicular to the
direction of anisotropy, n, respectively. And
p = (p sin θ cosφ, p sin θ sinφ, p cos θ), where we use
a notation |p| ≡ p for convenience. n = (sinα, 0, cosα),
α is the angle between p and n. Accordingly,
(p ·n)2 = p2(sin θ cosφ sinα+cos θ cosα)2 = p2c(θ, φ, α).
Note that −1 < ξ < 0 corresponds to a contraction of
the distrbution in the direction of anisotropy whereas
−1 < ξ < 0 corresponds to a strectching of the
distrbution in the direction of anisotropy.
If the system is close to that of ideal massless parton
and ξ is small, ξ is also related to the ratio of shear
viscosity to entropy density η/s as well as the proper time
τ of the medium. The relation for one-dimesional Bjorken
expansion in the Navier-Stokes limit is given as [94]
ξ =
10
Tτ
η
s
. (12)
This implies that non-vanishing shear viscosity combined
with finite momentum relaxation rate in an expanding
system also can contribute to the momentum-space
anisotropy. At the RHIC energy with the critical
temperature Tc = 180 MeV, τ = 6.1 fm and η/s = 1/4pi,
we can obatin ξ ≈ 1.4.
In this work, we assume the system has little deviation
from the mometum-space isotropy, therefore the value of
ξ is small (|ξ|  1) and the Eq. (10) can be expanded up
to linear oder in ξ,
f0aniso(p) = f
0
q,f −
ξ(p · n)2
2EfT
e(Ef−µf )/T f02q,f
= f0q,f −
ξ(p · n)2
2EfT
f0q,f (1− f0q,f ). (13)
By replacing the isotropic distribution functions in
Eq. (5) with the Eq. (13), we finally obtain the ξ-
dependent thermodynamic potential density of fermionic
part
Ωqq¯ = 2Nc
∑
f
∫
Td3p
(2pi)3{
ln(1− f0q,f +
ξp2c(θ, φ, α)
2EfT
f0q,f (1− f0q,f ))
+ ln(1− f0q¯,f +
ξp2c(θ, φ, α)
2EfT
f0q¯,f (1− f0q¯,f ))
}
.
(14)
Similar to the studies regarding finite-size effect [42] and
non-extensive effect [58], we also treat the anisotropy
parameter ξ as a thermodynamic variable in the
same footing as T and µ, and do not have any
4TABLE II. The chiral critical temperature of the non-strange
condensate Tχc and strange condensate T
χ
s at vanishing quark
chemical potential for different anisotropy parameters.
ξ −0.4 0 0.2 0.4
Tχc (MeV) 137 146 152 159
Tχs (MeV) 233 248 258 270
modifications to the usual QM model parameters due
to momentum anisotropy effect. Replacing the fermionic
thermodynamic potential in Eq. (9) with Eq. (14), we
can finally obtain the ξ-dependent chiral condensates at
finite temperature and quark chemical potential.
IV. RESULTS AND DISCUSSIONS
A. phase transition and phase diagram
In the 2+1 flavor QM model, the chiral condensates
of both light quarks and strange quarks can be regarded
as the order parameters to analyze the feature of the
chiral phase transitions. The anisotropy parameters we
work here are artifically taken as ξ = −0.4 , 0 , 0.2 , 0.4,
although the value of ξ in HICs always remains positive
in sign. In Fig. 1, the temperature T dependences
of non-strange chiral condensate σx and strange chiral
condensate σy for both isotropic and ansitropic quark
matter at vanishing quark chemical potential are plotted.
For T = 0 MeV, σ0x ≈ 92.4 MeV and σ0y ≈ 94.5 MeV.
As can been seen, σx and σy in both isotropic and
anisotropic quark matter decrease continuously with
increasing temperature. This means that at vanishing
quark chemical potential, the restoration of the chiral
symmetry for (an-)isotropic quark matter is always a
crossover phase transition. And the restoration of the
chiral symmetry in the strange sector is slower than
that in the non-strange sector. As ξ increases, the
values of σx and σy increase and their melting behaviors
become more smoother. This shows that an increase of
anisotropic parameter tends to delay the chiral symmetry
restoration.
In order to obtain the chiral critical temperature,
we introduce the susceptibilities of light quarks χl and
strange quarks χs, which are defined as
χl = −∂σx
∂T
, χs = −∂σy
∂T
. (15)
The thermal behaviors of both χl and χs are presented
in Fig. 2. We can see χl and χs are peaking up
at the particular temperature. The peak position of
χl determines the chiral critical temperature for the
chiral transition of non-strange sector Tχc . Different
to χl, χs have two peaks in the entire temperature
domain of interest. The temperature coordinate of
0
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FIG. 1. The temperature dependences of non-strange chiral
condensate σx (upper panel) and strange chiral condensate σy
(lower panel) at vanishing quark chemical potential for both
isotropic (ξ = 0 (blue dashed lines)) and anisotropic (i.e., ξ =
−0.4 (orange dotted-dashed lines), 0.2 (red solid lines) and 0.4
(green wide dashed lines) quark matter in QM model. The
values of σx and σy in the vacuum approximately are 92.4
MeV and 94.5 MeV, respectively.
first peak of χs is almost same as that of χl, the
location of the second broad peak of χs determines the
chiral critical temperature for the chiral transition of
strange sector Tχs . The chiral critical temperature T
χ
c
at vanishing quark chemical potential is the origin of
the crossover phase transtion in the QCD chiral phase
diagram. Furthermore, these chiral critical temperatures
are sensitive to the variation of ξ. As ξ increases, Tχc,s
shifts towards higher temperatures as well as the height
of χl,s decreases. The exact values of T
χ
c and T
χ
s for
different anisotropy parameters are presented in Table II.
Compared to the case of ξ = 0, the chiral critical
temperatures Tχc and T
χ
s decrease by approximately 6%
for the case of ξ = −0.4. For the cases of ξ = 0.2 and
0.4, both Tχc and T
χ
s increase by approximately 4% and
9%, respectively.
Next, we extend our exploration to finite quark
chemical potential for analyzing the effect of momentum
anisotropy on the structure of QCD phase diagram.
In Fig. 3, the temperature dependence of non-strange
chiral condensate σx for both isotropic and anisotropic
quark matter at different quark chemical potentials (viz,
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FIG. 2. The temperature dependences of (upper panel) and
(lower panel) at µ = 0 GeV for both isotropic (ξ = 0 (blue
dashed line)) and anisotropic (i.e., ξ = −0.4 (orange dotted-
dashed line), 0.2 (red solid line) and 0.4 (green wide dashed
line) quark matter in QM model.
µ =150 MeV, 200 MeV, 250 MeV) is plotted. At µ =
150 MeV, the chiral symmetry restoration with different ξ
still takes place as the crossover phase transition. For µ =
200 MeV, the value of σx in the anisotropic quark matter
with ξ = −0.4 jumps from 60 MeV to 23 MeV, and
associated susceptibility presents a divergent behavior
at T = 90 MeV, which signals the appearance of a
first-order phase transition. For µ = 250 MeV, the
discontinuity of σx(i.e., the first-order phase transition)
also occurs at ξ = −0.4, 0 and 0.2, whereas at ξ = 0.4
the phase transition is still a smooth crossover. Thus, for
the anisotropic matter with ξ = 0.4, a first-order phase
transition happens at higher quark chemical potental.
Accordingly, the chiral phase transtion diagram can be
studied by outlining the location of Tχc for a wide range
of quark chemical potential. And the first-order phase
transtion has to end and changes into a crossover is
the QCD critical endpoint (CEP), at which the phase
transition is of second order. In Fig. 4, the 2+1 flavor
chiral phase diagram in the (µ, T )-plane for the QM
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FIG. 3. The temperature dependence of the non-strange
chiral condensate at µ = 150 MeV (upper panel), µ =
200 MeV (middle panel) and µ = 250 MeV (lower panel) in
quark matter with different anisotropy parameters, i.e., ξ =
−0.4 (orange dotted-dashed lines), 0.0 (blue dash lines), 0.2
(red solid lines) and 0.4 (green wide dashed lines)
model within the effect of momentum-space anisotropy
is presented. Along the first-order phase transtion
line (crossover phase transtion line), the chiral critical
temperature rises from zero up to the CEP temperature
TCEP (from the TCEP up to the T
χ
c (µ = 0)), whereas
the critical quark chemical potential decreases from the
µc(T = 0) to the µCEP (from the µCEP to zero).
We observe that the phase boundary in the (µ, T )-
plane of the QM model phase diagram is shifted to
higher values of µ and T with increasing anisotropy
parameter. We also can clearly see that the position
of the CEP is significantly dependent on the variation
of the momemtum-space anisotropy. As ξ increases, the
location of CEP shifts to higher µ and smaller T domain,
which is similar to the study of non-extensive effect in
linear sigma model [59]. Similar phenomenon is also
observed in the literature for analyzing finite size effect on
60 50 100 150 200 250 300
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FIG. 4. Chiral phase diagram for different anisotropy
parameters selections in the framework of the QM model. The
solid lines represent the first order phase transtion curves, the
dashed lines denote the crossover transition curves, and the
big dots represent the positions of the CEP (µCEP , TCEP ).
chiral phase transtion [51–54, 57]. In Ref. [51], when the
system size is reduced to 4 fm, the CEP in the QM model
vanishes and the whole chiral phase boundary becomes
a crossover curve. Based on this result, we deduce
that as ξ increases further, the CEP may disappear.
In this work, for ξ = −0.4, 0, 0.2, 0.4, the location
of CEP is at (TCEP , µCEP ) = (100, 174) MeV,
(91, 222) MeV, (84, 247) MeV and (79, 270) MeV,
respectively. The value of µCEP from ξ = −0.4 to
ξ = 0.4 increases by about 50%, whereas the value
of TCEP increases by about 20%. This means that
the influence of momentum-space anisotropy on the
quark chemical potential coordinate of the CEP is more
prominent compared to that on the temperature position
of the CEP. An opposite trend can be found in the
study of finite volume effect [51], where the temperature
coordinate of the CEP in QM model appears to be
affected more strongly by the finite volume than one
associated quark chemical potential coordinate.
B. QCD thermodynamic quantities
Let us now study the influence of anisotropy parameter
ξ on the thermodynamics at vanishing quark chemical
potential. The T - and ξ-dependent pressure P (T, ξ) of
deriving from the thermodynamic potential is given as
P (T, ξ) = −Ω(T, ξ), (16)
with the vacuum normalization P (0, ξ) = 0. The entropy
density s and energy density  are defined as
s(T, ξ) = −∂Ω(T, ξ)
∂T
(17)
and
(T, ξ) = −P (T, ξ) + Ts(T, ξ), (18)
respectively.
In Fig. 5, the variations of the scaled pressure P/T 4,
scaled entropy density s/T 3, and scaled energy density
/T 4 with respect to temperature in the QM model for
isotropic and anisotropic quark matter are presented.
As can be seen that the thermal behaviors of P/T 4,
s/T 3, and /T 4 for the anisotropic quark matter is in
agreement with those for the isotropic system. To be
specific, with increasing temperature, P/T 4, s/T 3, and
/T 4 first rise rapidly then tend towards a saturation
value. At high enough temperature, the limit values of
P/T 4, s/T 3, and /T 4 in the case of ξ = −0.4 stabilize
approximately at 4.0, 16.5, 12.5, repectively, although
these values all are lower than their respective QCD
Stefan-Boltzmann (SB) limit values: PSBT 4 = (N
2
c −1)pi
2
45 +
NcNf
2pi2
180 ' 5.2, sSBT 3 = 4PSBT 4 ' 20.8, SBT 4 = 3PSBT 4 '
15.6. From Fig. 5 we also can see that the limit values
of these thermodynamice at high enough temperature
is still an decreasing function of ξ, which is opposite
to their qualitative behaviors with the non-extensive
parameter q. In Ref. [58] at high temperature, the
limit values of these scaled thermodynamics increase as q
increase. Moreover, their features with ξ are significantly
different to those with finite volume effect. For example,
Refs. [43, 54] indicated that with increasing temperature,
P/T 4 first decreases with increasing volume and then
quickly saturates to the infinite volume value, in other
word, these thermodynamics is insensitive to volume
changes in high temperature domain.
The speed of sound squared c2s as an important
quantitiy in heavy-ion collisions also is studied in present
work. It is defined by
c2s(T, ξ) =
∂P
∂
∣∣∣∣
V
=
∂P
∂T
∣∣∣∣
V
/
∂
∂T
∣∣∣∣
V
=
s
CV
, (19)
with the specific heat at constant volume V
CV (T, ξ) =
∂
∂T
∣∣∣∣
V
= −T ∂
2Ω
∂T 2
∣∣∣∣
V
. (20)
As shown in the upper panel of Fig. 6, the scaled
specific heat CV /T
3 first rises rapidly with increasing
temperature, reaches the maximum near the chiral
critical temperature Tχc , then decreases and eventually
remains constant. Similar to P/T 4, s/T 3, and /T 4, the
limit value of CV /T
3 at high temperature also decreases
as ξ increases. The height of its peak decreases as
ξ increases, in other word, as ξ increases, the critical
behavior of Cv/T
3 is smoothed out. From the lower
panel of Fig. 6 we see that the thermal behavior of the
speed of sound squared c2s for ξ = −0.4 exhibits a sharp
drop near the corresponding chiral critical temperature
Tχc , then increases rapidly up to the ideal gas value of
1/3. Moreover, as ξ increases, the dip structure of c2s
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FIG. 5. The temperature dependencies of the scaled pressure P/T 4(left panel), scaled entropy density s/T 3(middle panel),
and scaled energy density /T 4 (right panel) for µ = 0 MeV in quark matter with different anisotropy parameters, i.e., ξ =
−0.4 (orange dotted-dashed lines), 0.0 (blue dash lines), 0.2 (red solid lines) and 0.4 (green wide dashed lines).
is gradually weakened and the location of the minimum
shifts to higher temperatures, which is qualitatively
similar to CV /T
3. At high temperature, we can see that
c2s is nearly unafffected by ξ, which is due to that the
reduce in entropy density and the increment in inverse
entropy density almost cancel each other out. The
literature for the studies of finite-size effects [42, 43] and
non-extensive effect [58] in PNJL model also indicated
that as the system size L (non-extensive parameter q)
decreases (increases), the critical behavior of c2s gradually
dilutes and even vanishes. Therefore, these results of
thermodynamics again emphasize that the increase of ξ
can hinder the restoration the chiral sysmmetry.
C. Meson mass
In this part, we study the chiral structure of scalar
(JP = 0+) and pseudoscalar (JP = 0−) meson mass at
vanishing quark chemical potential. A detailed procedure
for calculating meson masses at finite temperature and
quark chemical potential in the QM model can be found
in Ref. [36]. Here we sketch the outline of the associate
computation. In quantum field theory, the scalar and
pseudoscalar meson masses generally can be obtained
from the second derivative of the temperature and quark
chemical potential dependent thermodynamic potential
density Ω(T, µf ) with respect to corresponding scalar
fields αS,a = σa and pseudoscalar fields αP,a = pia(a =
0, ..., 8), which can be expressed as [36]
m2i,ab =
∂2Ω(T, µf )
∂αi,a∂αi,b
∣∣∣∣
min
= (mMi,ab)
2 + (mTi,ab)
2 (21)
where the subscript i = S(P ) denotes the scalar
(pseudoscalar) mesons. The first term on the right-
hand side of Eq. (21) is vacuum mass squared matrices
calculated from the second derivative of purely mesonic
potential. The second term represents the modification
of mass squared matrices due to fermionic thermal
correction at finite temperature and quark chemical
potential, which can read as
(δmTi,ab)
2 =
∂Ωqq¯(T, µf , ξ)
∂αi,a∂αi,b
= 2Nc
∑
f=l,s
∫
dp
2pi2
p2
2Ef
{[
f0q,f
(
m2f,ab −
m2f,am
2
f,b
2E2f
)
− f
0
q,f (1− f0q,f )
2EfT
m2f,am
2
f,b
]
×
[
1− ξp
2
6EfT
(1− 2f0q,f +
T
Ef
)
]
+
ξp2f0q,f
6E2fT
2
m2f,am
2
f,b
[
T 2
E2f
+
T
2Ef
− Tf
0
q,f
Ef
− f0q,f (1− f0q,f )
]
+ q → q¯
}
.
(22)
The squared quark mass derivative with respect to meson
field ∂m2f/∂αi,a ≡ m2f,a, and that with respect to the
meson fields ∂2m2f/(∂αi,a∂αi,b) ≡ m2f,ab for different
flavors are listed in the Table III of Ref. [36]. When
ξ = 0, Eq. (22) reduces to the result for an isotropic
system. Then, the squared masses of four scalar meson
8states are given as [23, 36, 37]
m2a0 = (m
M
a0)
2 + (δmTS,11)
2, (23)
m2κ = (m
M
κ )
2 + (δmTS,44)
2, (24)
m2σ = m
2
S,00 cos
2 θS +m
2
S,88 sin
2 θS
+2m2S,08 sin θS cos θS , (25)
m2f0 = m
2
S,00 sin
2 θS +m
2
S,88 cos
2 θS
−2m2S,08 sin θS cos θS . (26)
And the four pseudoscalar meson masses are
m2pi = (m
M
pi )
2 + (δmTP,11)
2, (27)
m2K = (m
M
K)
2 + (δmTP,44)
2, (28)
m2
η′ = m
2
P,00 cos
2 θP +m
2
P,88 sin
2 θP
+2m2P,08 sin θP cos θP , (29)
m2η = m
2
P,00 sin
2 θP +m
2
P,88 cos
2 θP
−2m2P,08 sin θP cos θP , (30)
where the mixing angles θS(P ) read as
tan 2θi = (
2m2i,08
m2i,00 −m2i,88
), i = S, P. (31)
and m2i,00/88/08 = (m
M
i,00/88/08)
2 + δ(mTi,00/88/08)
2.
The detailed descriptions of the vacuum contributions
[(mMa0)
2, (mMκ )
2, (mMpi )
2, (mMK)
2 and (mMi,00/88/08)
2] from
purely mesonic potential in Eqs. (23)-(30) can be found
from Refs. [36, 37].
The left panels and right panels of Fig. 7 show the
T -dependent masses of the pseudoscalar (pi, K, η′, η)
and scalar (f0, σ, a0, κ) mesons for both isotropic and
anisotropic quark matter in the QM model, respectively.
We can see that for a fixed anisotropy parameter, the
masses of the pseudoscalar meson sectors pi, K, and η
remain constant up to near the chiral critial temperature
of non-strange condensate Tχc , whereas the masses of
η′ and scalar meson sectors σ, a0, κ remain constant
at low temperature and decreasing before reaching
Tχc . For the pesudoscalar meson sector f0, its mass
remain constant at low temperautre and decreasing
before reaching the chiral critical temperature of strange
condensate Tχs . For pseudoscalar meson sectors pi, K
and η, their masses always decrease with increasing ξ
at T > 140 MeV. However, for η′ and pseudoscalar
meson sectors (pi, K, η′, η), the dependence of their
masses on anisotropy parameter ξ is nonmonotonic in
the entire temperature domain of interest. More exact,
with the increase of ξ, the masses of η′ σ, a0, κ
first increases in low temperature domian (100 MeV <
T < 160 MeV), then decrease in higher temperature
domian (T > 160 MeV). For f0, its mass increase with
increasing ξ at T < 270 (viz, Tχs (ξ = 0.4)) MeV and
decreases afterward. As a whole, near above Tχc or T
χ
s , all
mesons become unphysical degrees of freedom and their
masses become degenerate, which signals the restoration
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FIG. 6. The temperature dependences of the scaled specific
heat CV /T
3 (upper panel) and the squared speed of sound c2s
(lower panel) at µ = 0 MeV for isotropic (ξ = 0 (blue dashed
lines)) and anisotropic (i.e., ξ = −0.4 (orange dotted-dashed
lines), 0.2 (red solid lines) and 0.4 (green wide dashed lines)
quark matter in the QM model
of chiral symmetry. In Fig. 7 we also can see with the
increase of ξ, the temperature coordinate at which meson
masses begin to degenerate can be shifted to higher
temperatures. This again shows that an increase of
momentum-space anisotropy can hinder the restoration
of the chiral sysmmetry. The qualitative behaviors of
these meson masses with ξ are different to the results
for analyzing the finite size dependence of meson masses
obtained in PNJL model [43, 47], where K, η, and η′ have
a significant volume dependence in lower temperature
domain (T < 100 MeV).
D. Transport coefficient
Studying transport properties is essential to deeply
understand the dynamical evolution of the strongly
interacting matter. In this part, we discuss the influence
of momentum-space anisotropy on transport coefficients,
such as shear viscosity η, electrical conductivity σel,
and bulk viscosity ζ in quark matter. Due to the
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FIG. 7. The temperature dependences of the pseudoscalar mesons pi, K, η′, η (left panels) and scalar mesons f0, σ, a0, κ
(right panels) at µ = 0 MeV for isotropic (ξ = 0 (blue dashed lines)) and anisotropic (i.e., ξ = −0.4 (orange dotted-dashed
lines), 0.2 (red solid lines) and 0.4 (green wide dashed lines) quark matter in the QM model.
momentum-space anisotropy is encoded in the parton
distribution functions, the general expressions of these
transport coefficients obtained by solving the relativistic
Boltzmann equation in relaxation time approximation
need to do some modifications [89–92]. Therefore, using
the results in Refs. [90, 91], the formulas of ξ-dependent
transport coefficients at nonzero quark chemical potential
are given as
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η =
∑
f
df
30T
∫
dp
pi2
p6
E2f
[
τq,ff
0
q,f (1− f0q,f ) + τq¯,ff0q¯,f (1− f0q¯,f )
]
−
∑
f
ξdf
180T 2
∫
dp
pi2
p8
E3f
[τq,ff
0
q,f (1− f0q,f )(1− 2f0q,f +
T
Ef
) + τq¯,ff
0
q¯,f (1− f0q¯,f )(1− 2f0q¯,f +
T
Ef
)], (32)
σel =
∑
f
dfe
2
q,f
6T
∫
dp
pi2
p4
E2f
[τq,ff
0
q,f (1− f0q,f ) + τq¯,ff0q¯,f (1− f0q¯,f )](1 +
ξ
3
)
−
∑
f
e2q,fξdf
36T 2
∫
dp
(2pi)3
p6
E3f
[f0q,f (1 + f
0
q,f )(1− 2f0q,f +
T
Ef
) + f0q¯ (1 + f
0
q¯ )(1− 2f0q¯ +
T
Ef
)], (33)
ζ =
∑
f
df
2T
∫
dp
pi2
p2
E2f
[
(
1
3
− c2s)p2 − c2sm2f + c2smfT
dmf
dT
]2
[dfτff
0
q (1− f0q ) + df¯τf¯f0q¯ (1− f0q¯ )]
−
∑
f
ξdf
12T 2
∫
dp
pi2
p4
E3f
[
(
1
3
− c2s)p2 − c2sm2f + c2smfT
dmf
dT
]2
[f0q (1− f0q )(1− 2f0 +
T
Ef
)
+f0q¯ (1− f0q¯ )(1− 2f0q¯ +
T
Ef
)]. (34)
Here df and eq,f are the degeneracy factor and charge for
f -flavor quark. Different to the formula of bulk viscosity
in Ref. [91], we replace the original term [( 13 − c2s)p2]2 in
the integrand with
[
( 13 − c2s)p2 − c2sm2f + c2smfT dmfdT
]2
to incorporate the in-medium effect. In the treatment
of the relaxation time τq(q¯),f , we rougly take a constant
value τq,f = τq¯,f = 1 fm for the computation. In the
weakly anisotropic system, the former terms in Eqs. (32)-
(34) are significantly larger than the latter terms in
magnitude due to the differences in both factor and
momentum power of respective integrands. Therefore,
transport coefficients is mainly dominated by the first
term of associated expressions on the quantitative.
The variation of the shear visocity η with temperature
at vanishing quark chemical potential for both isotropic
and anisotropic quark matter is shown in Fig. 8. We
see that η in the (an-)isotropic quark matter rises
monotonically with increasing temperature because the
T dependence of η is mainly coming from the quark
distribution function f0q,f in the associated integrand.
For the qualitative behavior of η with ξ, we also can
well understood from the associated expression. In
the vicinity of the chiral critical temperature Tχc , η
slightly decreases as ξ grows due to decreasing behavior
of the Boltzmann factor e−mf (T )/T with ξ. In higher
temperature domain (T > 160 MeV), the decreasing
feature is negligible due to the unsensitivity of the
constituent quark masses to ξ. However, the absolute
value of second term in Eq. (32) significantly increases
with an increase of ξ. As a result, η decreases as ξ
grows. This is similar to the result in Ref. [91], where
η for the QGP is calculated in quasiparticle model. For
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FIG. 8. The temperature dependence of shear viscosity η at
µ = 0 MeV in quark matter with ξ = −0.4 (orange dotted-
dashed line), 0.0 (blue dashed line), 0.2 (red solid line), 0.4
(green wide dashed line).
electrical conductivity σel, its thermal behavior is similar
to η, the quantitive difference between η and σel is mainly
coming from the different momentum power of respective
integrand. Similar to shear viscosity, the ξ dependence
of σel is also determined by the second term in the
associated expression. In Fig. 9, we observe σel decreases
as ξ increases, which is also qualitatively consistent
with the results of σel for the QGP in quasiparticle
model [89, 92]. The dependences of η and σel on
momentum-space anisotropy are different from those on
finite system size L in the framework of P(NJL) model.
In Ref. [42] both η and σel first increase as L decreases in
low temperature domain, however the size effect nearly
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FIG. 9. The temperature dependence of electrical
conductivity σel at µ = 0 MeV in quark matter with ξ = −0.4
(orange dotted-dashed line), 0.0 (blue dashed line), 0.2 (red
solid line), 0.4 (green wide dashed line).
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FIG. 10. The temperature dependence of bulk viscosity ζ at
µ = 0 MeV in quark matter with ξ = −0.4 (orange dotted-
dashed line), 0.0 (blue dashed line), 0.2 (red solid line), 0.4
(green wide dashed line).
vanishes in high temperature domain. Furthermore,
Ref. [58] indicates that both η and σel in PNJL model also
increase obviously as non-extensive parameter q increases
at T > 150 MeV.
Next, we discuss the temperature dependence of bulk
viscosity ζ at zero quark chemical potential for both
isotropic and anisotropic quark matter. As shown in
Fig. 10, for a fixed anisotropy parameter, ζ is peaking
up in the vicinity of both Tχc and of T
χ
s , which is
significantly different to the thermal behaviors of η and
σel. We also note that the thermal profile of ζ is similar
to dMs/dT or χs, which may be attributed that the
qualitative behavior of ζ is mainly govern by dMs/dT
rather than the quark distribution function in associated
integrand. Due to the decreasing feature of the height of
dMs/dT with increasing ξ, the double-peak structure of
ζ can be weakened as ξ grows and the positions of peaks
shift to higher temperatures, as shown in Fig. 10. The
diluting effect of ξ on the critical behavior of ζ is similar
to the studies regarding finite volume effect and non-
extensive effect. In Ref. [42], the double-peak structure
of ζ even converts to one broadened peak structure when
the system size is reduced to 2 fm. And in Ref. [58], as
non-extensive parameter q increases to 1.1, the two peaks
of ζ also begin to merge into a broad one.
V. SUMMARY AND CONCLUSION
In this work, an anisotropy parameter ξ, which reflects
the strength of momentum-space anisotropy arising from
different expansion rates of the fireball generated in
HICs along longitudinal and radial directions, for the
first time, is introduced in the 2+1 flavor QM model
by replacing the isotropic distribution function in the
thermodynamic potential of the QM model with the
anisotropic one. Accordingly, the effect of ξ on the
chiral properties, thermodynamics, meson masses, and
transport properties in quark matter can be investigated.
We found that the chiral phase transition of quark
matter with different anisotropy parameters is always a
crossover at vanishing quark chemical potential. At finite
quark chemical potential, the temperature coordinate
of the CEP can be affected more significantly by the
anisotropy parameter than the one associated quark
chemical potential coordinate, which is opposite to
the study for finite volume effect. We also found
that at high temperature, the limit values of various
scaled thermodynamics (P/T 4, s/T 3, /T 4, CV /T
3) are
significantly dependent to ξ. As ξ increases, their
limit values decrease, which is different to the finite
size effect but similar to non-extensive effect. And the
critical behavior of CV and c
2
s can be smoothed out
with increasing ξ. For scalar and pseudoscaler mesons,
the temperature, where their masses begin to degenerate
can be enhanced as ξ rises, which also means that
an increase of ξ can hinder the restoration of chiral
sysmmetry. Finally, the transport coefficient, such as
shear viscosity η, electrical conductivity σel, and bulk
viscosity ζ for both isotropic and anisotropic quark
matter also are calculated. Our result show that η and
σel rise with increasing temperature, while the thermal
behavior of ζ exhibits a noticeble double-peak structure.
And η and σel monotonically decrease as ξ increases,
whereas the qualitative behavior of ζ with ξ is similar
to χs(ξ). With increasing ξ, the double-peak structure
of ζ can be weakened, and the positions of peaks shift to
higher temperatures.
In present work, we only focus on the chiral aspect
of the QCD phase diagram, the exploration of the
confinement phase transition in an anisotropic quark
matter also can be addressed via including the Polyakov-
loop potential. In the Polyakov-loop improved QM
12
model, the chiral phase transtion and the location the
CEP will be affected further. Moreover, note that a
spheroidal momentum-space anisotropy specified by one
anisotropy parameter in one propagation direction is
considered in this work, however, the introduction of
additional anisotropy parameters is necessary to provide
a better characterization of QGP properties. The chiral
and confinement phase transtions in quark matter with
ellipsoidal momentum-anisotropy [78, 79] characterized
by two independent anisotropy parameters, also can be
done using PNJL or PQM model. The work of this
direction is in progress and we expect to report our
results soon.
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